Introduction
In his investigation of M-ideals of compact operators (we will define this notion shortly) the first-named author [30] introduced two properties of Banach spaces, called (M) and (M*), and pointed out their relevance in Banach space theory. Property (M) is the requirement that lim sup || u + x n \\ = lim sup || v + x n \\ whenever \\u\\ = \\v\\ and x n -> 0 weakly, and (M*) means that lim sup|| u* + x* \\ = lim sup|| v* + x* \\ whenever ||w*|| = ||t?*|| and x * -> 0 weak*. In this paper we will continue studying (M), (M*) and some of their variants, especially in the context of L p -spaces. It turns out that apart from having some impact on M-ideals these properties are significant in the general theory äs well and lead to new results concerning the almost isometric structure of Banach spaces.
We now describe the Contents of this paper in detail. In section 2 we first deal with the relation between (M) and (M*). It is relatively easy to check that (M*) implies (M) (see [30] , Prop. 2.3), and it is clear that the converse is false (consider ^). However in Theorem 2.6 we prove that this is essentially the only counterexample: If Ä'does not contain (^ and has (M), then X has (M*). It should be noted that, due to the weak* compactness of the dual unit ball, (M*) is the technically more convenient property of the two to work with. In the second part of section 2 we investigate the approximation property in Banach spaces with (M*). We show in Theorem 2.7 that a separable Banach space with the metric compact approximation property and property (M*) actually admits of a sequence (L n ) of compact operators such that L n -»Id strongly (that is, L n x -+ x for all xe X), L* -> Id x » strongly and || Id -2LJ| -»1. Here the norm condition on Id -2L" can be thought of äs an unconditionality property since it is fulfilled if X has a 1-unconditional (shrinking) basis and L n are the canonical finite rank projections associated to that basis.
These theorems enable us to improve the main result of [30] in Theorem 2.13: For a separable Danach space X, the space of compact operators 3C(X} is an M-ideal in &(X), the space of bounded operators, if and only if X does not contain a copy of (^ X has (M) and X has the metric compact approximation property.
In section 3 we study a particular version of property (M), namely property (m p ) which requires that lim sup||x + *J| = (||*||' + lim supKH*) 1 " whenever x n -> 0 weakly. (The modification for/? = oo is obvious.) It is known from results in [30] and [46] that, for K p <; oo, tf (X® p 
X) is an M-ideal in &(X® p X) if and only ifJf(X) is an M-ideal in &(X)
and X has (m p ). Such spaces have been investigated in [30] , [46] and [47] ; and it has been conjectured (cf. [20] , p. 336) that a Banach space with the above properties must be almost isometric to a subspace of a quotient of an *f p -sum of finite-dimensional spaces. (If ^) is a class of Banach spaces, we say that X is almost isometric to a member of $ if for every > 0 there is a member Y £ of ^) with Banach-Mazur distance to X less than l + .) For separable Banach spaces not containing a copy of a stronger result than this conjecture is proved in Theorems 3.2 and 3.3, namely, X has (m p ) if and only if X is almost isometric to a subspace of some / p -sum of finite-dimensional spaces if and only if Xis almost isometric to a quotient of some ^p-sum of finite-dimensional spaces. As a corollary we obtain an almost isometric version of a result due to Johnson and Zippin [28] that the class of subspaces of / p -sums coincides with the class of quotients of ^,-sums. Previously the validity of the above conjecture has been proved only for special cases if p = oo; see [57] and [20] , p. 337. Theorem 3.5 now presents a necessary and sufficient condition for a Banach space to embed almost isometrically into c 0 .
The following two sections deal with property (M) and in particular property (m p ) for subspaces of L p [0,1] (section 4) resp. for subspaces of the Schatten classes c p of operators on a separable Hubert space Jif (section 5). It turns out (Theorem 4.4) that a subspace X of L p , l < p < oo, p 2, has (m p ) if and only if its unit ball is compact for the topology inherited from L i if and only if X embeds almost isometrically into f p . Natural examples of this Situation are the Bergman spaces. If 2 < p < oo, Theorem 4.4 allows us to deduce a more precise variant of a result of Johnson and Odell [26] : X embeds almost isometrically into f p if and only if X contains no hilbertian subspace (Corollary 4.6). In connection with the Bergman spaces we also consider the Bloch space ß 0 and show that it is almost isometric to a subspace of c 0 and that JT(ß 0 ) is an M-ideal in <&(ß 0 ), thus answering a question raised in [36] .
We derive similar results in the context of the Schatten classes c p in section 5. Here £ p (c p ) plays the röle of £ p , and for Xa c p we now obtain that X has (m p ) if and only if X embeds almost isometrically into f p (c*) (Theorem 5.2), and if p > 2 this happens if and only if Jfdoes not contain a hilbertian subspace (Corollary 5.4) . This improves a result of Arazy and Lindenstrauss [5] .
Section 6 is devoted to M-ideals of compact operators. Let us now recall the definition of an M-ideal. According to Alfsen and Effros [1] , who introduced this notion in 1972, a subspace /of a Banach space £"is called an M-ideal if there is an «^-direct decomposition of the dual space E* of E into the annihilator 7 1 of / and some subspace V a E*:
Since that time M-ideal theory has proved useful in Banach space geometry, approximation theory and harmonic analysis; see [20] for a detailed account.
A number of authors have studied the M-ideal structure in &(X, F), the space of bounded linear operators between Banach spaces X and 7, with special emphasis on the question whether tf (X, Y), the subspace of compact operators, is an M-ideal; see e.g. [7] , [10] , [11] , [17] , [30] , [31] , [34] , [44] , [46] , [47] , [53] , [56] or Chapter VI in [20] . Examples of M-ideals of compact operators include Jf (Jf ) for a Hubert space tf (this is due to Dixmier [13] ), Jf(t p9 (^ for l < p ^ q < oo [34] , and JiT(X) for certain renormings of Orlicz sequence spaces with separable duals [30] .
Necessary and/or sufficient conditions for jf(X) to be an M-ideal in &(X) were studied for instance in [19] , [30] and [56] . In section 6 we propose a notion of property (M) for a single operator T\ X -*> Υ and employ it in connection with the problem of giving necessary and sufficient conditions for jf (X, 7) to be an M-ideal in & (X, Y). Such a condition is proved for X= £ p in Corollary 6.4; it permits us to deduce that Jf (t p ,
A list of open questions concludes the paper.
The results and proofs in this paper are -for the most part -formulated for the case of real scalars. They extend, however, to complex scalars and are in fact tacitly used in this context. Our notation largely follows [39] The following lemmas will lead to the first main result, Theorem 2.6. Proof. Assume α is such that there exist a subsequence (u*) of (x*) and /* e F with II u n "~/*ll = α · Since H>*-lim (u* -/*) = -/* we obtain ||/* || ^ α and hence for all n. The result follows by Lemma 2.2. G Lemma 2.4. Suppose X is a separable Banach space containing no copy of f± and that (x*) is a weak*-null sequence. Then there are a subsequence (u*) of (**) and a weakly null sequence (w n ) in X with || w n || ^ l so that lim <H> W , w*> ^ -lim inf || x* ||.
Proof. Let α = lim inf \\x* ||. By Lemma 2.3, we can pass to a subsequence (M*) so that liminfd(tt*,lin{wf, ...,«*_!}) ^ a/2. Hence we can find a sequence (x n ) in 5 X so that liminf <x n , w*> ^ a/2 and <x n , w^> = 0 for k < n. By passing to a subsequence we can suppose that (x") is weakly Cauchy by Rosenthal's ^-theorem [39] , Th. 2.e.5. Let w n = -(x n -x n + 0, and the result follows. D We say that a Banach space has the weak* Kadec-Klee property if the weak* and norm topologies agree on its dual unit sphere. (Occasionally this has been called property (**).) Lemma 2.5. Assume X is a separable Banach space containing no subspace isomorphic to £± and with property (M). Then X has the weak* Kadec-Klee property, X* has no proper norming subspace and X* is separable.
Proof. Suppose that (x*) converges weak* to x* and that lim || x* \\ = || χ* || Φ 0. We show that lim 1 1 x* -x*\\ = 0. Suppose not. Then, after passing to some subsequence, we would have lim || x* -x* \\ = α > 0. By Lemma 2.4 there are a weakly null sequence (w n ) in B x and a subsequence (w*) of (x*) so that lim inf <H>", x* -x*> ^ a/4. Hence lim infx*(w n ) ^ a/4 .
Suppose x e A' with || x|| = 1. Then for any / ^ 0 we have
By property (M) we can pass to a subsequence (v n ) of (w n ) so that there is an absolute norm 7V on (R 2 with N(l, 0) = l and lim\\u + tv n \\ = N(\\u\\, \t\) for any u E X and / e R. It follows that 7V(1, /) -l ^ α | f | /4. But this implies (cf. [30] , Lemma 3.6) that ^ embeds into X contrary to our assumption. Hence X has the weak* Kadec-Klee property.
We also deduce that X* has no proper norming subspace and must be separable. Indeed, if Fc X* is a norming (closed) subspace (i.e., ||jc|| = sup |>>*(x)| for all xe X\ y*eB Y then B Y is weak*-dense in B x +. Hence, for each x*e X*, \\x*\\ -l, there is a sequence (y*) ciF, ||^*|| = l, such that y* -> x* in the weak* sense. By the weak* Kadec-Klee property, ||>>* -x*|| -> 0 and thus x* e 7, which proves that there are no proper norming subspaces. Now,_if A c X is a countable dense set, there is a countable set B c X* that norms A. Hence lin B is a separable norming subspace, and we infer that X* is separable. D Proof. By Lemma 2.5, X* is separable. It therefore suffices, for the first part, to prove that if (x*) is a weak*-null sequence in X* with the property that lim||x* +x*|| exists for all x* e X*, then the function satisfies φ(χ*) = (j)(y*) whenever ||x*|| = ||>>*||. For the second part we will need additionally to show that φ(χ*) = (||x*||* + We observe first that φ is a convex and norm-continuous function: in fact We also note that φ(χ*) ^ ||x* || -0(0). For τ ^ 0 we define g (τ) = inf {^(x*) : ||x* || = τ}. Then g is also continuous: in fact \g(t)-gfa)\^\i -σ\ and g (τ) ^ τ -g(0). It follows that g attains its minimum and that there exists τ 0 so that g(t 0 ) ^ g (τ) for all τ with strict inequality if τ 0 < τ. Now suppose that τ ^ 0 and u* is a weak*-strongly exposed point of J? x »; this means there exists u E B x with u* (u) = l such that lim || w* -w* || = 0 if lim || u* \\ = lim u* ( ) = l .
The existence of such points follows from the separability of X* 9 see e.g. [48] , p. 80. Let Z = {** e X* : x*(u) = 0}. We will define 0 = inf {φ(™*) : t>* e w* + Z} .
Let (F n ) be an increasing sequence of finite-dimensional subspaces of Z so that (J F n is dense in Z. We claim that lim inf i/ (TW* + **, F k ) ^ θ for each fc. Indeed if for some k this n -* oo fails, a simple compactness argument gives a subsequence (£*) of (jt*) and f* eF k so that lim ||/* + TW* + <!; "* II < 0, i.e., <£(TW* +/*) < 0. This would contradict the choice of 0. Now we may pass to a subsequence (>>*) of (**) so that we obtain lim inf d (TW* + >>*, /;) ^ 0 .
Hence we can find y n e 5 X so that /* (y") = 0 for f* eF n and (1) Clearly any weak* cluster point, say χ, of (y") in A"** satisfies χ\ ζ = 0 and so χ e lin {w}. In particular, the sequence (y") is relatively weakly compact, and passing to a subsequence we can suppose that (y n ) converges weakly to aw for some a. We thus write y" = aw +/" where (/ w ) is weakly null. for all x* e X*. Now if t?* e w* + Z, then ||u*|| ^ t;*(w) = l, and so we obtain 0^|α|τ + 0.
On the other band by (1) 0 £ lim inf (τ w* (Λ) + jtf (Λ)) ^ ατ + β .
We conclude that 0 = ατ + β and α S» 0 if τ > 0.
At this point we specialize to the assumption that τ > T O . Since <£(**) 5; α||**|| + 0^0
we also have by definition of τ 0 that β ^ g(r 0 ). On the other band, and thus α > 0. Now choose t;* e w* + Z so that φ (τ v*) < θ + -. Then n and so
Since v* (u) = u* (u) = l we conclude that lim||i;*|| = l, and by choice of w*, lim ||i>* -n* || = 0.
Thus φ (τ u*) = θ = ατ + β. By (2) this implies that φ(τη*) ^ φ (τ v*) whenever ||t?*|| = l and hence φ (τ u*) = g (τ).
Now from the convexity of φ we have φ(τχ*) ^ g(i) whenever je* is in the convex h ll C of the weak*-strongly exposed points of B x *. However since X* is separable C is weak*-dense in B x + [48] , p. 80. By the weak* Kadec-Klee property (Lemma 2.5) C is normdense in B x +. Hence φ(τx*)^g(τ) whenever ||**||^1. In particular φ(τχ*) = £(τ) whenever ||jc*|| = l and τ > τ 0 .
We can now conclude the argument for the first part. If τ ^ τ 0 and || je* || = l we have by the above argument φ(τχ*) ^ g(a) for any σ > τ 0 . Hence φ(τχ*) ^ #(τ 0 ) and consequently φ(τχ*) = g(i 0 ) = g(t). Thus in either case φ(τχ*) = g(r), and the first part is proved.
For the second part we observe that by what we have already shown φ (u*) ^ φ (v*) whenever ||w*|| ^ ||t>*||. Therefore if u* is a weak*-strongly exposed point of B x * and τ ^ 0, we can deduce that in the construction above we have φ(τΜ*) = θ = ατ + 0 without restriction on τ. Hence by (1) φ(τη*) ^ ||(τ, </>(0))|| € liminf ||(α,/ η )|| ρ . Therefore
For the converse direction we perform the above construction for τ = 0 to produce a, (/") so that \\zu +f n \\£l and g(0) = ]imy*(f n ). Then lim sup ||/J| ^ 1. Now for any τ > 0 we have lim sup || γ u + f" \\ ^ || (y, δ) \\ p and g(t) ^ γ τ + g(0) whenever || (y, δ) \\ p ^ l which yields g(r) ^ (τ 4 -l· g(0) q ) lfq . The proof is then complete. α
In the second part of this section we study the approximation property in Banach spaces with property (M*). We shall show that in separable Banach spaces with (M*) and the metric compact approximation property actually an unconditional version of this approximation property is valid. As in [30] we call a sequence (K n ) of compact operators a shrinking compact approximating sequence if K" -> Id x and Kf -> Id x * strongly. Proof. By Proposition 2.3 of [30] X is an M-ideal in X**, X* is separable, and a result of Godefroy and Saphar ( [18] , p. 678 and p. 681) shows that X has a shrinking compact approximating sequence (K n ) with || J| = 1. It suffices to show that for given ε > 0 we can find a shrinking compact approximating sequence (S n ) satisfying limsup||Id -2SJI < l +ε. The operators S n will be obtained by averaging a certain subsequence of the K n . This will be achieved in a series of lemmas. For notational convenience we assume K 0 = 0.
Let Λ£ be the collection of norms on R 2 such that there is a weak*-null sequence (**) c X* satisfying ||x* \\ = l and N(u, ) = lim || aw* + x* \\ whenever || u* \\ = l. It is n-* oo easy to see that Λ£ is a compact subset of the space of all continuous real-valued functions on R 2 with the topology of uniform convergence on compact sets.
Suppose some sequence (Nj)^ x with Nj e Λ£ is given. For each n we define a norm Φ, depending on the sequence (Nj), on R" + x by the inductive formula Clearly we have that liminf||t;^|| > 0. We may pass to a subsequence so that (||t£||) converges to some >0 and lim\\x* + <χ,ν£\\ = N(\\x*\\,\a,\ ) for every x*eX* 9 where ΝεΛχ. Now pick |a fc | ^ l and u£ €A n _ i so that By passing to a further subsequence we can suppose (uf) converges in norm to some u* (since A n _ l is norm compact) and that (a k ) converges to some a. This gives a contradiction and so (d) holds for all large enough choices of r n . This enables us to complete the inductive construction, and so the lemma is proved. D Proof. For convenience we suppose n is even, say n -2m; we also suppose max| ^ | = 1. Let \\x*\\ = 1. Then by Lemma 2.10, However by (a) in Lemma 2.9 we have Σ ν 2 \ 2δ. In fact since X* is separable the series must converge in norm, although we do not need this observation. .
Then for
We begin by noting that according to Lemma 2.10 there exists that if (a fc )2 = 0 is a finite sequence satisfying max |aj ^ l, then /P + 85. However, s i is arbitrary we obtain limsup||Id-2S n || <1 +ε. α Under the assumptions of Theorem 2.7 we have thus established condition (6) of Theorem 2.4 in [30] . Combining Theorems 2.6 and 2.7 we therefore obtain the following improvement of the main result of that paper. (For the necessity of the conditions below see [19] and [30] .)
Theorem 2.13. Lei K be a separable Banach space. Then Jf(X) is an M-ideal in &(X} ifand only ifX does not contain a copy oft l9 X has (M) and X hos the metric compact approximation property.
Since a reflexive space with the compact approximation property automatically has the metric compact approximation property [10] (see also [18] ) we can reime Theorem 2.13 in the case of reflexive X.
Corollary 2.14. Lei X be a separable reflexive Banach space. Then tf(X) is an Mideal in &(X) if and only if X has (M) and the compact approximation property.
We remark that an alternative approach to Theorem 2.7 was recently developed by Lima [35] .
Implications of property (m p )
In this section we prove that a separable Banach space that does not contain a copy of /! and enjoys property (m p ), which was introduced in Definition 2.1, is almost isometric to a subspace of an <f p -sum of finite-dimensional spaces if l < p < oo (Theorem 3.3), respectively almost isometric to a subspace of c 0 if p = oo (Theorem 3.5). At the end of this section we point out the relevance of the (w p )-condition in the theory of M-ideals.
We first recall that, if l ^ p < oo, the space C p is defined to be t p (E H ) where (E n ) is a sequence of finite-dimensional Banach spaces dense in all finite-dimensional Banach spaces in the sense of Banach-Mazur distance. If/? = oo we define C^ = c 0 (E n ). Now if (F n ) is any sequence of finite-dimensional Banach spaces and ε > 0, it is easy to see that there is a 1-complemented subspace X 0 of C p so that d(<t p (F n ) 9 X 0 ) < l -h ε, or d(c 0 (F n ),^0) < 1+ ε when p = oo. For short we say that ^p(F n ) is almost isometric to a 1-complemented subspace of C p . It is clear that C^ is almost isometric to a subspace of c 0 . The spaces C p have been investigated by Johnson and Zippin ( [22] , [23] , [27] , [28] ).
Although the definition of C p depends on the choice of the sequence (E n ), it is known that any two such choices yield essentially the same space C p . More precisely, if C p and C p are built on two dense sequences (E n ) and (E' n ), then d(C p , C p ) = l (see [22] ). Since the Statements we are going to make are almost isometric in character rather than isometric, this ambiguity does not affect the following theorems. So we fix one model of C p once and for all.
Some of the ideas in the proof of the following Theorem 3.2 are borrowed from those of Johnson and Zippin [28] . We also need a lemma. Proof. (a) A compactness argument shows that it is enough to give the proof in the case where dimE = l, say E = lin{x}. By Lemma 2.5, X* is separable; let (u*) be a dense sequence in A"*. Suppose now that the lemma does not hold. Then there exists some η > 0 so that there is a bounded sequence (y n ), y n e U n = {y : uf(y) = 0 for k = l, ...,«}, satisfying Since y n -> 0 weakly, this is a contradiction to property (m p ).
The proof of (b) is similar; note that X has (m*) by Theorem 2.6. D Proof. It is clear by Theorem 2.6 that -in the case p < oo -a space which is almost isometric to a quotient of C p has (w p ), since it is reflexive and its dual has (m q ). (Here and in what follows we suppose l/ p + 1/q = 1.) In the case/? = oo we use a result due to Alspach [2] to conclude that a quotient of C^ is almost isometric to a subspace of c 0 and thus has (mj.
We now prove the converse. Suppose δ > 0 is chosen so that δ < -ε and
We will also need a positive integer t selected so that 32t~l /q < -ε. Suppose (η η ) is a sequence of real numbers satisfying
Let (u n ) be a dense sequence in X. For Fc A^* we let F ± = {je e ^: x*(;c) = 0 Vx* € F}, and we denote the span of u l9 ...,u n by [w l5 ..., wj. We will inductively choose two sequences of subspaces (F n ) and (FJ) ofX* and subspaces E (m, ri) 9 l^m^n, in A" so that: We now turn to the definitions of F n +1 and J^' + x . Using Lemma 3.1 we see that there exist finite-dimensional subspaces HaXand Kc:X* so that: Similarly if b n + 3 ^ a n +1 and x n eE(a n , b") then by (e) and (f) and induction
We also notice that for each n there is a weak*-continuous projection, P* say, onto F n with kernel Now if 0 ^ s ^ t -l we will define two operators, T s and R s . Suppose p < oo. We define by T s ((x")) = Σ * x n where the first space with n = 0 is to be understood s E (1, 4s + 1).
«£0
We also define
by R s ((x n )) = Σ x n . In the case p = oo we let 1^ and Z s be c 0 -sums. and thus || Γ|| ^ l + 5. Also, we can consider R s an operator on the space given by R((x n )) = Σ ** and deduce that \\R\\ ^ l + <5.
«^0
Now suppose x* eX* and /?*x* = 0. Then it is clear that P£x* = 0 whenever or A: = 4,y + 3mod4/. Let for n ^ 0. Then for each n ^ 0 there exists x n € E(4(n -1) t + 4s + 4, 4«/ + 4s + 1) by (g) so that HxJI = l and x*(x n ) ^ (l -5)||jc*||. We also have x*(x m ) = 0 if n Φ m by condition (f).
Hence if (a n )"^0 is any finitely nonzero sequence with ||(α π )|| ρ = l, then
We draw the conclusion that Proof. In this case X, being a quotient of C p by the preceding result, is reflexive and so Theorem 3.2 can be applied to X* to give the result. D
The following corollary is a more precise Statement of a classical result of Johnson and Zippin [28] who have proved the corresponding isomorphic results. Proof. If X has (m^), then Theorem 3.2 shows that there is a quotient of C^, X 1 say, with d(X, XJ < l + ε. However, this implies that there is a quotient of a subspace of c 0 and hence a subspace of a quotient of c 0 , X 2 say, with d(X, X 2 ) < l + ε. The result now follows from Alspach's theorem [2] that quotients of c 0 are almost isometric to subspaces of c 0 . α We finally combine results from [30] , [46] and Theorems 2.13 and 3.3 (resp. 3.5) to obtain the following corollary. If X satisfies condition (i) below, it was said to be an (M p )-space in [46] ; see also Chapter VI. 5 in [20] for Information on (M p )-spaces. Corollary 3.6. Lei l < p ^ oo and let X be a separable Banach space. Then the following conditions are equivalent.
(i) JiT(X® p X) is an M-ideal in &(X@ p X).
(ii) The space X has the meine compact approximation property, enjoys proper ty (m p ) and f aus to contain a copy oj Υ χ .
(iii) The space X has the metric compact approximation proper ty and is almost isometric to a subspace of an t p -sum of finite-dimensional spaces when p < oo, respectively, to a subspace of CQ when p = oo.
Remarks.
(1) The equivalence (i) o (iii) has been conjectured by Af-idealists for some time, cf. [20] , p. 336. A special case of the equivalence (i) <=> (iii) for p = oo was proved by W. Werner [57] . Actually, it now turns out that the condition considered by him is equivalent to the (M 00 )-condition.
(2) One can prove the implication (ii) => (iii) employing techniques s in the proof of Theorem 2.7. For simplicity suppose p < oo. In this case one concludes first that there is a sequence (S n ) in tf(X) such that°o \l/p Σ \\S n x\\>] £(l + e)||x|| » = o / for all χ E X. Then one embeds X into a space Υ with the approximation property , say via an embeddingy. Theny S n can be approximated up to ε/ Τ by finite-rank operators F n . Thus X embeds into (3) For examples illustrating Corollary 3.6 we refer to Corollaries 4.8 and 4.9 below.
Property (M) for subspaces of L p
The subject-matter of the present section is to refine the results of the preceding one for subspaces of L p . Here L p Stands for a separable nonatomic L p (/z)-space. It is known that such a space is isometric to L p [0,1] [51], p. 321; in fact, the 'same' isomorphism works for all values of p. We are first going to prove a technical result, Theorem 4.2, that will be applied to subspaces of L p in this section and to subspaces of the Schatten classes in the following one. In order to formulate it we need the notions of a finite-dimensional decomposition (FDD) and of cotype for which we refer to [39] , p. 48, and [40] , p. 72ff., respectively. We also found it convenient to introduce the following technical definition. Definition 4.1. Let F be a separable Banach space and let τ be a topology on Υ making it a topological vector space. If l < p < oo we will say that Υ has property (m p (i)) if whenever \\u\\ = l and (y n ) is a normalized sequence with lim>> w = 0 for the topology τ, then lim \ n -* oo for all scalars α and .
We remark that Υ has (W P (T)) if and only if
whenever r-limy n = 0. We will take advantage of the fact L p has (W P (T)) for the topology of convergence in measure.
Theorem 4.2. Suppose Υ is a separable Banach space with nontrivial cotype. Suppose Υ has an unconditional (FDD) and denote the partial sum operators by S n . Suppose further that τ is a vector topology on Υ weaker than the norm topology and such that Υ has proper ty (W P (T)) for some p > 1.

Now let X be a closed infinite-dimensional subspace of Υ so that S n χ -* χ for the topology τ uniformlyfor χ e B x . Then, given ε > 0 there are a sequence offinite-dimensional subspaces (E") of Υ and a subspace X 0 of^p(E n ) so that d(X Q , X) ^ l + ε.
Proof. The argument is a variant of Theorem 2.7. We suppose Υ has cotype q where q ^ p 9 with constant C q9 and we denote the unconditional constant of the (FDD) by C u . We select 0 < δ < -ε and choose η η > 0 so that £ η η < δ, and finally we pick an integer t so l -For convenience we index (S") from zero with 5 0 = 0. We will construct a subsequence T n = S, n (for n ^ 0) of (S") with the property that if 
is compact in L v
(ii) X has property (/w p ). . By a Standard Fubini argument there is a choice of t = (t n ) so that if/= £ t n 2~nf n then/is nonzero a.e. on the set S = U (|/| > 0}. (In fact, for almost every coeS the set of those t for which £' η 2~Λ/ η (ω) = 0 has measure 0, and for A = {(ί, ω): ω65,Σ/,2-"/ β (ω)Φθ}, \άί\άμ^Α = \άμ\άΐ^Α = μ (5) .) It is then easy to see that any g e A" vanishes a.e. on the set {/= 0}. Now suppose (g") is a weakly null sequence in X. Then by (m p ) and the preceding lemma, lim J Ι&,Μμ = 0. Thus lim||g n || 1 = 0 and, s X is reflexive, the inclusion Xc> L 1 is compact and B x is therefore compact in L±.
(i) => (iii): We let τ be the Z^-norm topology on L p . Then L p has (W P (T)) and nontrivial cotype. Also L p has an unconditional basis (the Haar basis) [40] , Th. 2.C.5. The Haar basis is also a basis for L { [40] , Prop.2.c.l. Hence if (S n ) denotes the sequence of partial sum operators, then S n f-*f Lj-uniformly on B x . We are thus in a position to apply Theorem 4.2, and since each E" produced there is a finite-dimensional subspace of L p we obtain (iii). α
Next we note that in this context property (M) necessarily reduces to property (m r ) for some r. Proof. Since X is stable [32] it follows that X has property (m r ) for some l < r < oo.
(This is what the proof of [30] , Th. 3.10, actually shows.) Theorem 3.3 implies that X contains a copy of f r . Now L p contains only those f r s stated [38] , p. 132ff., hence we get the final assertion.
Since there is a weakly null sequence (u n ) in X with lim ||x + ai/JI = (||*|| r + |a| r )
1/r for any xeX [30] , Prop. 3.9, the space Α'Θ,.Κ is finitely representable in X and thus embeds isometrically into an ultraproduct of X and hence also into L p . We wish to conclude that X is isometric to a subspace of L r .
If p ^ 2, this is a result independently due to Dor [15] and Raynaud [50] , Prop. 3. If p > 2 and r = 2, we observe that Raynaud's argument still works if p is not an even integer; and the assertion is trivial if r = p. Suppose now that/? = 2m is an even integer and r = 2. We claim that a Banach space Υ is isometric to a Hubert space provided Υ Φ 2 R is isometric to a subspace of L p . Indeed, if Υ c L p and g e L p satisfy for alljeF, f eR, then is a polynomial in t, the coefficient of / 2w~2 being Hence Υ is a Hubert space.
To prove the corollary it is now left to apply Theorem 4.4. α
The case p > 2 is especially interesting.
Corollary 4.6. Suppose p> 2 and let Xbe a closed subspace ofL p . Then thefollowing conditions on X are equivalent:
(i) X contains no subspace isomorphic to £ 2 .
(ii) X is isomorphic to a subspace of f p .
(iii) For any ε > 0, there is a subspace X 0 of f p so that d(X 0 , X) < l + ε.
Proof. The only Step requiring proof is that (i) implies (iii). By Theorem 4.4 it
remains to show that B x is L r compact. If not, there is a sequence (/") which is weakly null but does not converge to zero in L±. By passing to a subsequence we can assume that (/") is an unconditional basic sequence, cf. [39] , Prop. l.a.ll, and that inf \\f n \\i > 0. We thus have for any finite sequence of scalars a i9 ... 9 a n t avê (1) The equivalence of (i) and (ii) above, however with a large iso morphism constant, is due to Johnson and Odell [26] ; see also [24] .
(2) In the case l < p < 2 the equivalence of (ii) and (iii) breaks down. In fact the space ( p ® p / 2 is isometric to a subspace of L p and has a subspace isometric to the space t p equipped with the norm || \\ = (|| \\ p p + || ||5) 1/p . A direct calculation shows that this norm does not have property (m p ) (not even property (M)); so f p with this norm cannot embed almost isometrically into £ p with its classical norm. (A more roundabout way to arrive at the same conclusion is to observe that the above norm is l-Symmetrie and to invoke a result due to Hennefeld [21] (see [20] , Prop. VI.4.24, for a proof based on property (M)) according to which the spaces (£ p , || || p ) are the only 1-symmetric Banach spaces for which is an M-ideal in &(X) and thus the only ones with property (M).)
Corollary 4.7. Lei 2 < p < oo and suppose X is a closed infinite-dimensional subspace ofL p with property (M). Then either X embeds almost isometrically into f p , or X is isometric to a Hubert space.
Proof. This follows from Corollaries 4.5 and 4.6. (Note that if X embeds almost isometrically into / 2 > then the parallelogram identity holds, and X is isometric to a Hubert space.)
As a specific example of a subspace of L p we now discuss the Bergman space B p . This is the space of all analytic functions on the open unit disk D in the complex plane for which
, and it is o> closed. It is well known that B p has the metric approximation property (use Fejer kernels, äs in [54] , Lemma 3.4); in fact, it is isomorphic to t p [37] . Let us point out that B p has (m p ). If f n -» 0 weakly, then clearly /" -> 0 pointwise. Since bounded sets in B p are equicontinuous on compact subsets of D, we conclude that/ n -> 0 uniformly on compact subsets of D. From this it follows easily that B p has (m p ).
Hence Corollary 3.6 and Theorem 4.4 imply:
Corollary 4.8. The Bergman space B p embeds almost isometrically into t p , and 3f(B p ) is an M-ideal in &(
We also wish to consider the corresponding space of analytic functions when/? = oo. This is the so-called 'little' Bloch space ß 0 consisting of those analytic functions / on D for which ||/||,«=sup(l -|z| 2 )|/(z)| < oo and lim (l -|z| 2 )/(z) = 0. (The analytic functions satisfying || /\\ ß < oo form the Bloch space ß. We remark for completeness that in complex analysis the space of functions whose derivatives belong to is called the Bloch space.) It is known that is the bidual of ß 0 (e.g., [9] ), ß 0 is an M-ideal in [54] , ß ö has (m^) (the above argument works here äs well, see also [36] ), and ß 0 has the metric approximation property (e.g., [54] , Lemma 3.4). Hence we get from Corollary 3.6:
Corollary 4.9. The little Bloch space ß 0 embeds almost isometrically into c 0 , and is an M-ideal in &(ßo). In fact, for every Banach space X, Jf(X, /? 0 ) is an M-ideal
This result (the last mentioned assertion follows from [53] ) was conjectured in [36] . Note that 0 is not isometric to a subspace of c 0 , because its unit ball has extreme points [12] , but the only subspaces of c 0 whose unit balls have extreme points are finitedimensional.
Actually, to obtain the above corollaries it is not necessary to apply the machinery developed in this paper; all one has to know is that B p embeds almost isometrically into £ v and 0 into c 0 . This can be proved directly s follows; for simplicity let us give the details for 0 . Let ε > 0 and r n = l -2~n for n ^ 0. Then for each n there are constants A:"andL"sothatif \\f\\ = l, then |/(z)| ^ K n and |/'(z)| ^ L n for |z| ^ r n . Now for each n choose a finite subset F n of the annulus A n = {z : r n __ t ^ |z| ^ r n } so that if z e A", then there exists z'e F n with |z -z'| ^ <5 n where (L" + 2Κ η )δ η ^ ε. [42] ) has recently investigated those spaces and shown that they always embed into c 0 isomorphically, and he has determined for which weights one actually gets spaces isomorphic to c 0 .
Property (M) for subspaces of the Schatten classes
At this point we also consider the Schatten classes c p of operators on a separable Hubert space J^ and prove similar results like for L p by essentially the same technique. The reader is cautioned that x* will now denote the Hubert space adjoint of an operator χ € c p . We will need the following analogue of Lemma 4.3 above. We use || H^ to denote the operator norm. y") )™ = l form a relatively compact subset of f p . This is easily seen to be equivalent to the requirement that given any ε > 0 there exists a natural number t = t (s) so that for each n 6 N there is an orthogonal projection π η of rank at most t so that\\y n -y n n n \\ p <s.
Let us first assume that (y n ) is a tight sequence. Let % be any non-principal ultrafilter on the natural numbers and consider the ultraproduct ^ defined by 4> (Jif) quotiented by the subspace of all sequences (ξ η ) so that lim ||^n|| = 0.
We will consider the maps θ 6 JSP (^) defined by #((£")) = (*(£")) and φ defined by φ((ξ η )) = (}>,,(<!;")). Suppose α and β are any scalars. It is clear that the singular values of α θ -h β φ are given by s k (u.Q + βφ) = lim ^k(ajc + y n ) .
ne<9l
We will argue that (αχ -h y n ) is a tight sequence. In fact, given ε > 0 we can find t € N so that for each n there is an orthogonal projection n" of rank at most t so that
We also fix a finite-rank projection π 0 of rank f 0 so that ||a(jc -χπ 0 )ΙΙ Ρ < ε/2. Let π' η be the orthogonal projection onto ran(7i 0 ) + ran(7t n ). Then n' n has rank at most t + / 0 and It thus follows that α,θ + βφε c(^) and that
Π€ τΐ
Hence we have that A classical result of McCarthy [43] gives that in the case of equality in the generalized Clarkson inequalities in c p we have \θ\\φ\ = 0οτ φθ* = 0*0 = 0. Translating this back we obtain that lim ||x*||= lim H^l = 0.
This completes the proof when ( y n ) is tight.
For the general case we may reduce the problem by passing to a subsequence so that lim s k (y") = s k exists for all k. Then if y n is written in its Schmidt series Proof. We note first that c p has nontrivial cotype ( [43] and [52] ). Let (ξ η ) be any fixed orthonormal basis of Jf and let n n be the orthogonal projection onto lin [ξ ΐ9 . . . , ξ η }. Then c p has an unconditional (FDD) with partial sum operators S n (x) = n n xn H9 cf. [5] . (ii) => (i): Suppose (y n ) converges to 0 weakly in X. Then for any χ e X we have by Lemma 5.1 that limll^jcll^ = 0. In particular it follows that lim H^* (ξ) II = 0 whenever ξ is in the closed linear span of \J ran(x). From this it follows easily that (y*) converges to xeX 0 for the strong operator topology. Similarly (y n ) converges to 0 for the strong operator topology and so y n -» 0 for τ which implies that B x is τ-compact. Proof. We argue s before that X is stable, which was proved by Arazy [4] , Therefore, for some r, X has (m r ) and contains a copy of ( r . This implies that r -2 or r = p by [5] . It remains to apply Theorem 5.2. α Again, we specialize to p > 2. Proof. The argument is very similar to that of Corollary 4.6. We only have to show that (i) implies (iii), that is, by Theorem 5.2, that B x is τ-compact. If not, there would be a weakly null sequence (x n ) in B x which is an unconditional basic sequence and satisfies inf || *"(<!;) || > 0 or inf||x*(^)|| > 0 for some ξε^ (One can extract an unconditional basic sequence since c p , having an unconditional (FDD), embeds into a space with an unconditional basis [39] , Th.l.g.5.) Let us assume without loss of generality that inf ||χ π (ΟΙΙ > 0. We then have for suitable positive constants c f and all finite sequences of scalars a l9 ...,a n Σ a k*k^ c 1 ave The equivalence of (i) and (ii) in the above corollary was first proved by Arazy and Lindenstrauss [5] .
An operator Version of property (M)
In this section we study M-ideals of compact operators between distinct Danach spaces X and Y. Our investigations will be based on an operator version of property (M). Note that a Banach space has property (M) if the identity operator has property (M) of Definition 6.1. We also mention that Lemma 2.2 of [30] implies that every contractive operator in JSf (X) has (M) if and only if the identity operator has (Af ).
We shall need the following lemma. The next result is a variant of Theorem 2.4 in [30] , and it has a very similar proof. In fact, we shall show that S = TK" will work for large n.
Since K* -> Id x * strongly and (K n ) is uniformly bounded, (K*) converges uniformly on relatively compact sets and thus \\S t K m -S, || ^ ε/ 2, i = l, 2, 3, for large m. We also assume that || Id -2K m \\ ^ l + ε/2. Consider a sequence (x n ) in the unit ball of A" such that Since η was arbitrary, this proves that T has property (M). D It is easy to check that (4) of Definition 6.1 holds if X and Υ both have property (M). The validity of Theorem 6.3 under these extra assumptions has already been observed in [45] (cf. [20] , Cor. VI. 4.18); but we will later encounter situations where Theorem 6.3 applies, but Υ fails (M) (cf. Propositions 6.5 and 6.6).
We also mention that the assumptions on X in Theorem 6.3 enforce X (and X*) to be separable. Nonseparable versions ( s in [45] and [20] , Chap. VI. 4) are easily supplied, and we leave it to the reader to spell these out. Likewise, we don't formulate a corresponding result based on the notion of (M*) of [30] , which can be done without difficulty.
Note that the assumptions on A'above hold in particular if A" has a 1-unconditional shrinking basis; e.g., X= ( p for l < p < oo. In this case there is an embellished version of Theorem 6.3 which we state next. As usual, (e") denotes the unit vector basis in t p . Proof. Since the bidual of tf ® ε 3tf ® B tf is isometric with <e(3tf, &(tf)\ it suffices to prove the latter assertion. It is also enough to assume that Jf is separable and thus represented s t 2 . We shall show that (5) A more complete picture of those w-fold tensor products of / p -spaces which are Mideals in their biduals will be given in [16] .
Open questions
Here we gather some problems suggested by our work.
Problem 7.1. The method of proof employed in Proposition 6.5 suggests considering a version of property (M) with respect to convergence in measure, meaning that lim sup || /+ g" || depends only on || / 1| whenever g" -» 0 in measure. It might be interesting to pursue this idea further.
Let us indicate why such a notion might be useful. Suppose X is a function space on [0,1] that can be renormed to have this property. Then every subspace generated by a sequence of pairwise disjoint functions has the usual property (M). Consequently, by [30] , Th.4.3, if an order continuous nonatomic Banach lattice Υ different from L 2 embeds isomorphically into X, then the Haar System in Fcannot embed on disjoint functions in X. This is an important property in the investigation of rearrangement invariant spaces, see [25] , [29] and [40] , Sect. 2.e.
By way of Illustration we observe that this line of reasoning together with [29] , Th.7.5, implies the following result. One can check that the Lorentz spaces L p^[ 0,l] can be so renormed and thus Proposition 7.2 can be applied to them. In fact, the canonical norm works in the case l ^ q < p < oo , but for l < p < q < oo the canonical expression is only a quasinorm, and one should consider the norm /i dt\ 1/q «™-f0 1/p /**«)«7 -
Let us remark that Z, p9 [0,l] even has (m q (i)) for the topology of convergence in measure. For q = oo one obtains this conclusion for the span of the bounded functions in L p >00 [0,1]; note that this span is an M-ideal in its bidual [54] .
We conjecture that Orlicz spaces allow such a renorming, too. Anyway, in the case of Orlicz spaces one can argue that a sequence of pairwise disjoint functions generates a modular sequence space which can be renormed to have property (M) by [30] , Prop.4.1. This argument is a variant of that given in [25] Problem 7.5. By Corollary 4.9 and well-known results on M-ideals (see [30] or [20] , Th.V. [36] . In fact, it suffices to find K n satisfying ||Id -ÄjJ| -» l [45] . Also, it would be interesting to check property (M*) for ß 0 directly.
